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Abstract

Detailed calculations are carried out demonstrating conductance quantization
with a 2D quantum point contact (QPC). The QPC is defined as a gap of
width a in a diaphragm located perpendicularly in a narrow stripe of width
L,. The stripe is considered as a container of an ideal gas of electrons at zero
temperature. Emphasis is put on treating the stripe as a quantum-mechanical
waveguide of the electrons. For simplicity, collisions of the electrons inside
the stripe are neglected. The author focuses attention on the dependence of
the conductance of the QPC on the variable u = akg. (kg is the Fermi
momentum.) The plot of this dependence exhibits steps manifesting two kinds
of singular points. The frontal edge of each conductance step represents a
singularity of the type ~1/,/u — u,,. This corresponds to the singularity of the
type ~1/(n. — n,) when the density n. of the electrons is used rather than
the variable u. (If collisions of the electrons inside the stripe are taken into
account, this singularity is transformed into a sharp finite-value maximum.)
The second kind of singularity is of the type ~./u — u, and is due to the
waveguide character of the stripe. The author exemplifies his theory with a
configuration defined with the gap ratioa/L, = 1/2.

PACS numbers: 03.65.Nk, 05.60.Gg, 61.05.jm, 73.40.Cg, 73.63.Rt

1. Introduction

Solid state physicists used to speak of size effects usually in connection with studying
the dependence of transport parameters of metallic or semiconductor thin films on their
thickness. As a rule, nowadays we distinguish between classical and quantum size effects,
the first concerning films with thicknesses comparable with the mean free path of conduction
electrons [1], and the second concerning much thinner films, such films whose thickness
is comparable with the mean de Broglie wavelength of the conduction electrons. As the
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Figure 1. Scheme of the stripe with the diaphragm. The gap in the diaphragm of width a is the
QPC, regions 1 and 2 are leads to it.

wavelength Ap = 27/ kg corresponding to the Fermi momentum 7kp in metals is of the order
of magnitude of atomic radii, the quantum size effects were studied preferably with semi-
metallic (such as bismuth) films [2], or with degenerate semiconductor (such as n-InSb) films
[3, 4], where A can be by 2-3 orders of magnitude greater than in metals. The literature about
the quantum size effects is enormous, cf, e.g. the review article [5] published in 1982. Since
then, many observations of quantum size effects were reported.

When an ideal electron gas is confined between impenetrable parallel walls that are a
given distance L, apart, we can imagine standing de Broglie waves with k, equal to +wv/L,
(v =1,2,...) This means that when considering a given density of the electrons n. at T = 0,
we may speak of ‘Fermi disks’ instead of the Fermi sphere (which is the usual concept in case
of bulk metallic samples). Employing the well-known Sommerfeld model, we may interpret
L, as the thickness of a metallic film, or an n-type InSb film. In our early paper [3], we have
derived the dependence of the Fermi energy on the thickness L., showing that this dependence
resembled damped oscillations. These oscillations were of a non-harmonic type: there were
jags at points of local maxima and we could clarify each jag as the onset of a new pair of disks
inside the Fermi sphere when the thickness L, increased. (The radius kg of the Fermi sphere
was thickness dependent, although the density n. was kept constant.)

In the present paper, we will return to the idea presented in [3], but now considering its
2D analogy. In the case that we will treat, we will not have in mind a 3D electron gas between
parallel planes, but a 2D electron gas between parallel straight lines. Thus, instead of a thin
layer, now we will consider a stripe on a plane, assuming that L, is the width of this stripe.
Moreover, we will consider a diaphragm in the stripe, as is shown in figure 1. We call the
gap in the diaphragm the quantum point contact (QPC). The lower and upper part of the stripe
are actually leads to the QPC. In 1988, two groups [6, 7] published results of measurements
with 2D QPCs (although designed with a geometry different from that shown in figure 1)
and corroborated excellently the phenomenon of the conductance quantization. Afterwards,
during the last two decades, many theoretical papers emerged so that now we may state
that various problems connected with this phenomenon were clarified in detail [§—-19]. As a
rule, the authors of these papers directed their analysis on quantum-mechanical consequences
following from the geometrical constriction defining the QPC as such, but did not pay attention
to the leads to the QPC from the quantum-mechanical viewpoint. Instead, they either treated
electrons in the leads quasi-classically, or did not pay attention to the leads at all. However,
if the leads are sufficiently narrow, they should necessarily be treated as quantum-mechanical
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waveguides. Therefore, when theorizing about a QPC, it is indispensable to deal with the
system ‘QPC+leads’ as with a whole. The model suggested by the scheme in figure 1 defines
a quantum-mechanical problem which is exactly solvable. How to derive the solution of this
problem is the proper objective of the present paper.

2. Mathematical preliminaries

We will solve the Schrodinger equation describing the 2D motion of electrons in a stripe of
a given width L,. We define the boundaries of the stripe as the straight lines x = +L, /2.
The problem with which we intend to deal is the scattering of electrons on a diaphragm laid
perpendicularly across the stripe (figure 1). We lay the diaphragm, assuming that its thickness
is zero, on the x-axis. We consider the lower (upper) half of the stripe, defined by the inequality
y < 0 (y > 0), as region 1 (region 2). Correspondingly, we write the wavefunction of an
electron as ¥ (x, y) = v @ (r) witht = 1if y < Oand = 2if y > 0. (r is the 2D position
vector.) Neglecting the potential energy due to scatterers of electrons inside the regions 1 and
2, we may write the equations

V2O ) + K2y D(r) = 0 for y <0,

1
V2O + 2y @) =0 for y >0, .

where
k = 2méh > 0. )

&€ > 0 is the one-electron energy. We consider the regions 1 and 2 as (quasi)metallic leads
and interpret them as reservoirs of a gas of non-interacting electrons at 7 = 0. Equations (1)
correspond to the parabolic dispersion law
e 2 (k2 + k2)
2m
of the conduction electrons in the leads, with a scalar effective mass m > 0.

We define the diaphragm with a window of width a centered at x = 0. Then we postulate
the boundary conditions

Y OLe/2.9) =V (=Ly/2.y) =0 for y <0,
YD (Ly/2,y) =P (=Ly/2,y) =0 for y>0

3)

“4)

and
v (x,—0)=0 for a/2 < |x| < Ly/2,
v P(x,+0) =0 for a/2 < |x| < L,/2.

In the window, we postulate the continuity of the wavefunction and of its derivative with
respect to y

YV (x, —0) = ¥ (x, +0) }

®)

39D (x, y)/3y |0 = VP (x, v)/8¥]sms0 for —af2 <x<a/2. ©

The motion of the conduction electrons is quantized in the x-direction. We write
ey = 1 (2 2 1,2 7
O=—11— v=1,2,....
v 2m \ L,

The energy &£ (L) is doubly degenerated, as the electrons may travel towards the diaphragm
either in the positive or in the negative direction of the y-axis. Respectively, we may speak of
states |v), and |v)_. From now on, we will focus attention on states |v),.
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Figure 2. If a suitable scale is used, this figure shows the dependence of kr on n. or on |E,|.

Let &k be the Fermi energy of the conduction electrons at 7 = 0, and let ikp be the Fermi

momentum

ke = v/2m&x/h. ®)
With a fixed value of the width a of the window, we may employ

u = kra ©))

as a suitable dimensionless variable. Since we consider the parabolic dispersion law, the
energy &£ for any value of |k| = k is a sum of contributions due to the motion in the x- and
y-directions. Therefore, we define the energy difference

E(Ly) =& =& (L, (10)

which we write as 55,,,(14):) if £ = &. We define also the positive variable

KI(Lo) = 2mE) (L) /= \/k2 —w202/L2 (11

if £ (Ly) > 0 (i.e. if k > wv/Ly), which we write as kf: (L) if k = kg. Clearly, values of k
that are smaller than 7r /L, are forbidden.

As is well known, the 2D electron gas can be realized near to a planar surface of a direct-
gap semiconductor (such as GaAs) if a strong perpendicular electrical field E, is applied.
(We define the surface as the plane z = 0.) If the field E; is suitably adjusted, it attracts
a ‘cloud’ of electrons near to the surface. When neglecting the intrinsic surface charge due
to quantum-mechanical surface states, we may state that the density n. of the electrons (i.e.
their number per unit area of the surface) is equal (according to the Poisson equation of
electrostatics) to e|E,|/€. (¢ is the permittivity of the semiconductor.) Thus the field E, can
control the value of the density of the electrons n,. However, we may also use kg as a variable
that can be controlled by the external field E,. This possibility is based on the fact that there
is a one-to-one correspondence between kg and 7. (cf figure 6 in the appendix).

Figure 2 is the inversion of figure 6. Since the variables u and F used in the appendix are
proportional to kg and n., respectively, figure 2 may be interpreted as the dependence of the
variable kr on the electron density 7. or (as n. is proportional to E,) also as the dependence
of kr on the perpendicular electrical field E,. The presence of the ‘jags’ (although they are
obtuse) in the curve shown in figure 2 is actually a manifestation of a quantum size effect
in the sense suggested in the introduction. Indeed, if we consider, instead of one stripe, an
ensemble of stripes with various widths L, and stipulate the constancy of the density n. of
the electrons in all the stripes, then we can easily transform the plot shown in figure 2 into a
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plot that will correspond to the dependence of kg on L,. In the limiting case, we obtain the
well-known result for the 2D electron gas that is not confined in the x-direction

Llim kg = /27ne.. (12)
The curve in figure 2 essentially follows this dependence, but is perturbed by the ‘jags’.

Now we can specify the objectives of the present paper. In section 3, we will derive the
exact solution of the Schrodinger equation for the QPC plus the leads corresponding to the
scheme shown in figure 1. Afterwards, in section 4, we will calculate the conductance of this
QPC.

3. Solution of the Schrodinger equation

Having in mind figure 1, we consider an electron impacting with k) (L,) from the side of
region 1 upon the diaphragm. The value of v is an arbitrary positive integer, v = 1,2, ....
The corresponding incident wavefunction ¥(?) (r) may be either even or odd in the variable x

2 TVX . . .
N, T cos 7 exp [1k3 (Lx)y] if  visodd,

vO(r) = (13)

2 . (mvx . . .
N, L—sm 7 exp [1k3 (Lx)y] if viseven.

N, is a real normalizing coefficient; we will define it later on (cf formula (30)). In the style of
a scattering theory, we introduce the wavefunctions x(* (x, y) = xP(x, y)(r) (r = 1,2)

vV ) =y m) + (), y <0,
P () = 1P (1), y > 0.

(14)

3.1. Autonomous derivation of the functions xV(x, —0) = x? (x, +0) and
8)(5”(r)/8z|y:_0 = 8X152)(r)/8z‘v:+0 in the window (—a/2 < x < a/2)

We will now discuss the solution of the Schrddinger equation in a narrow oblong with bases
y = =£€/2 and with sides x = +a /2, assuming that the thickness € > 0 of this oblong is very
small, ¢ <« a. We introduce the orthonormal set of the functions, indexed by u = 1,2, ...
and defined for x € (—a/2,a/2),

/2
— CcOoS (np,x)’ M = odd,
a a

Pu(x) = (15)
2 . /mux
4/ — sin (—) , W = even.
a a
Correspondingly we define the lateral energy values
n? 2
SX(a)z—(”—“) w=12, ... (16)
m 2m \ a

and the energy differences
Ea) =& & (a). (17

We say that p enumerates possible QPC modes, or synonymously QPC ‘channels’. We use
the denotation
@) V2mEi(a)/h = k2 — 72u?/a® > 0 if &i(a) >0, as)
Y(a) =
. V2mlEn(a)|/h = J7iut/a® — k2 > 0 if &(a) <0.
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Let M(k) > 1 be the maximum value of the index u for which k > 7w M(k)/a. Then, for
x € (—a/2,a/2), we express x 7 (x, y) as the series

M(k)
X, y) = QP y) = Y rleu(x) exp[—ik) (@)y]
=1
o I3
+ Y o) exp [+ (a)y]. y € (—€/2,0),
n=M(k)+1
M) (19)
X2, y) = QP(x, y) = Yt (x) exp [+ik) (a)y]
=1
o I3
+ Y treu)exp[—k)(@)y]. y € (0, €/2).
n=M(k)+1

(Of course, u at ‘r’ and ‘¢’ is to be read as a superscript, not as a power.) For x € (—a/1, a/2),
we write also the series

2 TVX . .
/ L_x cos ( ) \/7 Z clt cos ( ) if v isodd,
oddu>0 (20)
2 . [(7mvx . .
/ L_x sin < ) [ Z ¢l sin ( ) if  viseven.
eveny >0

For formal reasons, we deem it useful to define the dimensionless parameter
y =a/L, 21)

which we call the gap ratio. (It is the ratio between the width of the window in the diaphragm
and the width of the leads.) The maximum value of the gap ratio, ym.x = 1, corresponds to
the absence of the diaphragm. On the other hand, yyin = O corresponds to the absence of the
window in the diaphragm.
The Fourier analysis gives us the coefficients
2 [Sin[(ﬂ/Z)(M —vl sin[(7r/2) (e + V)/)]] it both z, v are odd.
w—vy wtvy

o = : . (22)
N [sm[(ﬂ/Z)(u —vy)l  sin[(7/2)(p + v)/)]]

w—vy n+vy
Otherwise ¢/ = 0.
Our primary objective is to calculate the one-electron current density

if both u, v are even.

(2)%
jé‘e>(x,y)— (W*( >8‘” ® _ o m y(r)) 23)
for y — +0. This is equal to
(1)*
jf‘°>(x,y)— (w(”*()aw © o y(r)) (24)

for y — —0. The incident wavefunction ¥(”(r) gives rise to the (one-electron) electrical
current through the window in the diaphragm
a/2

a2
J0O (k) = / dx j19(x, +0) = / dx j19(x, —0). (25)
—a/2 —a/2
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Recalling formulae (14) and employing series (19) in formulae (23), (24), we find (when
respecting the orthonormality of the functions @ ), (x)) that the current is equal to the sum
eh L& 2
IO =—— >k @). (26)
n=1

This formula indicates that we need not consider the evanescent waves involved in expressions
(19). Since u is the serial number of the channel into which the wave with k) (L,) may
be transmitted when crossing the QPC under consideration, we interpret ’t(l;,o)u |2kﬁ(a) as a
quantity proportional to the probability of this transmission per unit time. For the energy &,
there are M (k) channels.
Applying conditions (6), we obtain the equations

Nyt +rlt =1l Nyclky(Ly) — ri'k; (a) = tl'k; (a).

Hence
y y y y
l‘{f ZNVikv(in"'ku(a)’ r# =NvikV(LX)V_ku(a).
2 ki (a) 2 ki (a)

Obviously, in addition to the possibility of the transmission, the electron, when impacting

27)

upon the diaphragm with k; (L), may also be reflected. We stipulate that |r(; |2k,yL (@) is

proportional to the probability for the reflection per unit time into the pth channel. With this
interpretation, we may write the alternative expression for the current JI°) (k) in the form

M(k)

1090 =~ L) - e @ | (28)
m
n=1
so that
M(k) 5 M(k) )
k) (Ly) = Z ri [k (@) + Z 17K (@), (29)
n=1 pu=1

According to this balance equation, the flow k) (L,) is ramified into M (k) channels both
backwards and forwards. Equation (29) implies that

~1/2
M(k) YoN2 LY 2
ki (a)” +ky(Ly)
NUEN(M)z«/E “2M— . 30
” MZZI S R HTET 0

Thus the normalizing coefficient is channel dependent. We have indicated this fact by adding
the superfix ‘M’ in N,,.

3.2. Functions x\V(r) and x® (r) in the corresponding half-stripes y < 0 and y > 0

For the problem that is the objective of the present paper (the conductance quantization), it is
not necessary to calculate completely the wavefunctions x (" (r) and x(? (r) for all respective
values of y < 0 and y > 0. Nevertheless, the calculation of these functions is an assignment
worth in its own right. Now we will briefly show how this calculation can be implemented.
We extend analytically the functions Q@ (x, y) and Q(V(x, y) defined by sums (19) in the
whole respective half-stripes, i.e. for x € (—L,/2, L,/2) and, respectively, for y < 0 and
y > 0. For general values of y outside the infinitesimal intervals (—e/2, 0) and (0, €/2), we
write

X2, 3) = QP (x, y) + 0 (x, y), y >0, 1)
ey =l +ell@y), vy <0.
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The corrective functions o7 (x, y) have to obey simple boundary conditions. For brevity, we
will confine ourselves to writing down these conditions for a),()z) (r)

a)?) (x,+0) =0 ¢ 5 -
ngz)(r)/8y|y=+o —0 if |x| <a/ (32)
and

a)sz) (x,+0) = —Q]()Z) (x, +0)

do? (r)/8y|y:+o = -9 (r)/8y|y+0}

(It is perhaps needless to emphasize that now we consider Q) (r) and 9Q® (r)/dy as known
functions!) We require also the fulfilment of the conditions

0P (—a/2,y) = o (+a/2,y) =0, y > 0. (34)
Finally, we require that
() =0 if y— oo. (35)

Of course, Q) (r) does not tend to zero if y — oco. We may imagine the diaphragm as a
source of ‘radiation’. The function a)l()z) (r) could be interpreted as due to the radiation of the
intervals (—L, /2, —a/2) and (a/2, L, /2) at the flanks of the window. However, an observer
standing at y = +o0o cannot state that only a part of the interval (—L, /2, L, /2) radiates. This
explains why the contribution of the flanks to the value of w® (r) has to approach zero if
y — 00.

With boundary conditions (32)—(35), the solution a)l()z) (r) of the equation

Vol (r) + K*o®(r) = 0 for —L,/2<x<L,/2 and y >0 (36)

is defined completely. In order to express w® (r) explicitly, we introduce Green’s function
G (r|rp) as the solution of the equation

V2G(r|rg) + kK2G(r|rg) = —8(r —rg) for y e (—o0,+00), (37)

requiring the fulfilment of the boundary conditions

G(—=L,/2,ylrg) = G(L,/2, ylry) =0, (38)
3G
lim Gerlro) = fim 2SI _ (39)
y—>+00 y—>+00 ay

To satisfy condition (38), we define Green’s function as the sum

o0
G(rro) = Go(x, y|ro) + Z(—l)"[Go(an —x,y[ro) + Go(nL, +x, y|ro)]. (40)
n=1
The function Gg(x, y|ro) itself has to satisfy equation V2Gq + k>’Gy = —8(r — ro) and
conditions (39). The explicit form of Gy (x, y|rp) reads
i
Go(x, ylro) = Go(x — x0, ¥y — y0l|0) = ZHOI (ky/(x = x0)> + (v — ¥0)2). 41

(Note that Go(x, y|0) = Go(—x, ¥|0).) H(} (p) is the Bessel function of the third kind known
as the Hankel function, Hol(p) = Jo(p) +1Yp(p). We multiply equation (36) by G(r|ry) and
equation (37) by @?(r). Then we obtain, after exchanging the variables r and ry, the equality

Vo.[G (roIr) Voo'? (rg) — 0 (rg) VoG (ro|r) | = 8(ro — rwf® (ro).
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We integrate this equality with respect to r( in the upper half-stripe (i.e. for y > 0) between
the boundaries x = L, /2 and employ Gauss’ theorem. The result is

—a/2 L,/2
0P (r) = [ f dxo + / dx(,:|
L2 a2 (42)

{G(x0, Ol ILP (r0) /30, _o — 27 (x0, +0)AG (xo[1) /30, _ o }-

Here we have utilized boundary conditions (32) and (33) at y = +0. Equation (42) is
actually the direct integral formula for »® (r) and this function, when inserted in formula
(31), determines the wavefunction v (¥ (r).

Quite analogically, we can derive the function »{" (r) and then, respecting formulae (14)
and (31), the wavefunction ¥ (! (r) for the lower half-stripe (for y < 0) between the boundaries
x==+L,/2.

Above, cf formula (25), we have calculated the one-electron current Jv(le) (k) as the current
flowing just through the window at y = +0. However, the value of J{!® (k) has to be the same
even when calculated, e.g., at y — +00. We can prove this easily. Indeed, owing to condition
(35), we may state that

. h L,/2 89(2) 89(2)*
](IC)(k) — i lim dx Q(Z)*(r)u—(r) . 9(2)(1') M (I‘)
' am e |y, 5 i
eh M®) 2
=—— 2‘1 |tk (@). 43)
M:

Thus, to solve autonomously the problem formulated in subsection 3.1 has been an
efficacious starting point. Afterwards, as we have shown, it is possible, if there is a need for
it, to derive the solution ¥, (r) of the Schrodinger equation exactly and completely.

4. Conductance of the QPC

4.1. Derivation of the Landauer—Biittiker formula

If k = kg, we put the subscript ‘F’ in front of i in expressions (16), (17) and (18). We assume
that both the compartments in figure 1 separated by the diaphragm with the window (i.e. the
leads to the window) host an ideal electron gas at 7 = 0. Since we treat the window as a QPC,
our objective is to consider the non-equilibrium situation when a voltage U is applied on the
QPC. We realize that if 5;2) = & is the Fermi energy of the upper compartment, we have to
consider a different value of the Fermi energy in the lower compartment, 81(,1) =& +elU. We
take eU > 0 as a small value. Then

kl(:l) :\/Zm(€F+eU) %\/ngp 1+£ :kF+meU’
n? n? 28 R kg

where kg = kl(:z) = /2m&/h*. At T = 0, the electrons with a given energy € < & can be
exchanged between both the compartments 1 and 2, but this does not give a contribution to the
electrical current across the diaphragm. The net current is due to the electrons whose energy
£ in compartment 1 lies in the interval (&g, & + eU/(28)); the values of k = /2mé& /7’12
then lie in the interval (kg, kg + meU / (h%kp)). Correspondingly, if we consider the uth QPC
channel in compartment 1 and use formula (18), we find that

2meU , meU
k(@) = kg ? = w2p2/a? = / ke = 7w fa + = M ki, @)+ s
"




J. Phys. A: Math. Theor. 42 (2009) 055206 V Bezik

where kg# (a) = \/ki — m2p?/a?. Hence, only few electrons can participate in the transport
of charge from compartment 1 to compartment 2 employing the pth QPC channel: we have

only to reckon with the electrons whose y-component k;,(a) of the wave vector satisfies the
inequalities
melU

ki <k <k, + 5.
@ = O g @

The number of allowed values of kj,(a) in any interval of unit length is 1/(27). However,
an electron with a given value of kj,(a) may have either spin up or spin down. Therefore,
when considering the electrons in the vth state (the vth mode of the leads taken as quantum-
mechanical waveguides) and in the pth QPC channel, we obtain readily their contribution to
the electrical current flowing through the QPC

Mg
J=-ru el (44)
n=1

where
Ty = 2¢*/h. (45)

The transmission of electrons from compartment 1 to compartment 2 implies the negative
value of the associated electrical current J/*; hence the sign minus in formula (44). The
quantity I'y is the conductance quantum.

For £ — &p, we have to consider N waveguide modes (cf appendix A) and Mg = M (kg)
QPC channels. We define the conductance of the QPC as the coefficient I' in the linear relation

|J| =T|U|. (46)
In this way, we have derived the conductance of the QPC corresponding to figure 1 in the form
Mg N
F=Tg > > | (47)
p=1v=1

This is actually the well-known Landauer—Biittiker formula [20]. However, we have not
only proved the validity of this formula, in fact, we have also shown how to calculate the

L s 2
transmission probabilities |t{f| .

4.2. Conductance quantization

The integers Ak and Mg depend on the density n. of the electrons in the leads. For a given
width L, of the leads, we prefer to use the dimensionless variable sz(ne instead of n.. Then
we may speak of step-like functions ./\/F(L)zcne), Mp(szcne) and, consequently, also of the
step-like function F(Line). However, n. is a monotonous function of kg, as it can be derived
explicitly: see formula (A.5) of the appendix and figure 6. Instead of kg, we prefer to use the
dimensionless variable u = akg. Then we may speak of step-like functions Nr(u), Mg (u)
and, consequently, of the step-like function I'(x#). Each jag in the curve plotted in figure 2
corresponds to the change of NVr by one. On the other hand, when Mk is increased by one,
this corresponds to the opening of a new QPC channel.

4.2.1. Dependence of T on akg. We will now exemplify the situation choosing the width a
of the QPC (i.e. the width of the gap in the diaphragm shown in figurel) equal to L, /2; then
y = 1/2. As we do not consider evanescent waves in the leads, the value of kr has to be

10
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14+
/T,

-

Figure 3. Dependence of the conductance I'/ I'q on the variable u = akg.

Table 1. Survey of lead modes, QPC channels and transmission amplitudes tl for £ < &
determining the conductance of the QPC for y = a/L, = 1/2. Table is constructed for the first
two conductance steps.

Interval of 4 Mg =total of N = total of u = serial number v = serial number /' = transmission
(u = akg) active channels  of active modes  of channel of lead mode amplitude
0,7/2) 0 0 - - _
(/2,m) 0 1 - 1 -
(7, 37/2) 1 2 1 1 1}
Bm/2,27) 1 3 1 1 t}
3 13
Qm,57/2) 2 4 1 1 t}
3 1
2 2 1}
4 12
(57/2,3m) 2 5 - - -
1 5 1

Note: For 57/2 < u < 3w, Mg = 2, Ng = 5, the table is the same as for 27 < u < 57/2, Mg = 2, Ng = 4; only
the transmission amplitude tsl is added

greater than /L. (This may be interpreted as a manifestation of the uncertainty principle.)
Consequently, it is necessary that u = akg > w/2 (for y = 1/2). In tables 1 and 2, we
show which values of the transmission amplitudes ¢/ contribute to the value of the QPC
conductance. The I' versus u plot shows that I'(«) is a step-like function. The positions
of the edges of its steps are at u,, = wu,u = 1,2,.... The function I'(x) is shown in
figure 3. Owing to our special choice of the gap ratio, y = 1/2, tables 1 and 2 are relatively
simple since the values of 7v/L, and 7 t/a coincide if v = 2u. As is seen in figure 3, the I’
versus u plot manifests jags. In general, positions of the jags are given by the values u, = vy
(v =1,2,...). In our case, since y = 1/2, the jags are present only with odd integers v.
The absence of the jagsif v =2j (j = 1, 2, ...) follows from the fact that the function I" (u)
behaves as A/\/u? — 722+ B\/u? — w22 (with A > 0, B > 0) if u approaches 7 j from the
right; obviously, By/u? — 72 j2 is negligible in comparison with A//u? — 72 j2. However,
with a general value of the gap ratio y = a/L, (mathematically speaking, with y equal to an
irrational number), there is no correlation between positions u, of jags and positions u,, of
step edges.

11
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Sequence of transitions contributing to the value of the QPC conductance.
The diagrams correspond (from the left to the right) to increasing values of u.

Ist half of 1st step 2nd half of 1st step 1st half of 2nd step
u=1 1 1 1 2 1 1 2
| | | |
| |

| DA
2 2 3211

[
3

v= 4 2 2 4
1 1 2 31 1 3
2nd half of 2nd step 1st half of 3rd step 2nd half of 3rd step
u=2 1 12 321 123 321 123
‘AINN
v= 11 4 2 2 4
5432 2345 65 3113 56

Figure 4. Diagrams corresponding to table 1 (the first four diagrams) and table 2 (the last two
diagrams).

Table 2. Continuation of table 1. The table is constructed for the third conductance step. (With
y = 1/2, the table concerns Ng = 6 and N = 7.)

Interval of 4 Mg = total of Nf = total of = serial number v = serial number t}* = transmission
(u = akg) active channels  of active modes  of channel of lead mode amplitude
@Gr,77/2) 3 6 1 1 t)
3 1
5 1
2 2 1}
4 12
6 12
3 1 N
3 IS
5 I
(77/2,4m) 3 7 - - -
7 1l
3 7 I

Note: For 7 /2 < u < 4w, Mg = 3, Ng = 7, the table is the same as for 37 < u < 77/2, Mg = 3, Ng = 6; only
the transmission amplitudes t7' and 173 are added.

To make the meaning of tables 1 and 2 more apparent, we present figure 4 in which
we illustrate schematically the transitions represented by the transmission coefficients #}.
Figure 4 involves six diagrams showing the upper part of the ‘Fermi circle’ drawn in the
(ky, ky)-plane. (In each diagram, the horizontal axis is k, and vertical axis is ky. In
the 2D k-space, the Fermi circle is the analogy to the Fermi sphere in the 3D k-space.)
The thin vertical straight lines in the diagrams of figure 4 correspond to the lead modes.
They are numbered under each semicircle. Two equal numbers mean one mode since the
quantization in the x-direction is related to two opposite waves, exp(iky,,x) and exp(—ik,,x),

12
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Figure 5. Dependence of the conductance I'/ I'q on the variable F = L)z(ne (and thus, for a given
width L, of the leads, on the density of electrons n).

where k,, = wv/L,. The little circles on the Fermi circle symbolize infinitesimal regions
in the k-space corresponding to ‘active channels’. These little circles are enumerated by the
index . Again, two equal numbers p (the left and the right) represent one channel. The
thick straight lines drawn in the diagrams of figure 4 represent the transmission coefficients
t!*. When considering these lines as arrows whose end points are the little circles, we may
interpret the diagrams of figure 4 as analogues of Feynman’s diagrams. (Of course, we could
draw each thick line in the diagrams in four ways: the line may connect the left or right mode
line with the left or right channel circle. For clarity of the graphs, we have depicted the lines
from the left to the right if v and px are odd and from the right to the left if v and p are even.)

The interpretation of the diagrams of figure 4 is simple. If the gap ratio y is kept constant,
the diagrams in figure 4 illustrate the evolution of the situation with growing values of kg.
(Here aremark should be said: for convenience’s sake, we depicted schematically all the Fermi
circles with the same radius.) The first diagram corresponds to the process characterized by
the transmission coefficient /. It is the situation when the first channel is just starting to
become active. When kr becomes greater than u, /a, the circles labelled by 1 = 1 begin
moving towards the top of the Fermi circle. The second diagram shows the situation when the
third mode becomes active. Then we have to consider two transmission coefficients, 7} and 13.
In figure 3, this situation corresponds to the jag in the middle of the first conductance step. The
last two diagrams correspond to the transmission coefficients involved in table 2. For instance,
the sixth diagram, concerning the second half of the third step (when 77 /2 < u < 4), shows
that the value of the conductance I' (1) is determined altogether by 11 coefficients /' (eight
with odd indices u, v and three with even indices wu, v).

4.2.2. Dependence of T" on L*n.. As figure 2 clearly suggests, kr is a monotonous function
of the density n.. Therefore, we may consider u as a well-defined function of the variable
F = L?n,. Correspondingly, we can depict the dependence of the conductance I" of the QPC
on the density of the electrons n.. This dependence is shown (for y = 1/2) in figure 5. The
positions of the left edges of the three steps drawn (but also of the fourth step which is not
drawn) in figure 5, F = F;dge, are

FP% = 12080 = 24/3 = 3.464,

x""el

erdge _ Linzgge =2(15+V12+ ﬁ) = 19.966,
FEO = 202 = 2(V/35 + /32 + V27 + /20 + V/11) = 49.116,

FP% = L2050 = 2(V63 + V60 + /55 + /48 + /39 + /28 + /15) = 90.874.

13
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In the central part of each step, there is one jag. Positions of the jags, F = F ;ag, are

F{ag _ Lzl’ljag — 2(«/§+ ﬁ) = 10.129,

x"vel
FP® = L2078 = 2(V24 + V21 + V16 + V/9) = 32.963,

FI® = 201 = 2(V48 + V45 + V40 + v/33 + v/24 + V/13) = 68.420.

In the close vicinity on the right side of any value F;dge, the function I'(F) behaves as
~1/(F — F;dge). This behaviour corresponds to ~1/,/u — j in the right vicinity of the
value u = jm, provided that I" is taken as a function of u = akg. Thus, the singularities at
F = F;dge in the plot I versus n. are incontestable (they are even more apparent than the
corresponding singularities in the plot I" versus kg). On the other hand, the presence of the
jags when the conductance I' is plotted as a function of the density n. does not seem to be
relevant enough. (The positions of the jags are highlighted by thin vertical straight lines in
figure 5.) As is seen, the derivative d['/dF, when F approaches the value F = F }ag from the
right, is finite, in contrast to the derivative dI" /dkr tending to infinity (this should particularly
be manifest if figure 3 were stretched vertically) when kr approaches kJ;]g from the right.

5. Conclusion

We can summarize the main results of this paper as follows. We have presented a detailed
theory of the conductance of the quantum point contact defined by the configuration depicted
in figure 1. The QPC was defined as a gap in a thin diaphragm. We have shown that it was
possible to accomplish the calculation of the conductance of the QPC in an exact manner
under standard simplifying conditions which were accepted previously by other authors. Here
we recollect some of these conditions. The leads were deemed to be reservoirs of a 2D gas
of non-interacting electrons at T = 0. The wavefunctions of the electrons were put equal to
zero at both surfaces of the diaphragm. The conductance was calculated in the limit of a small
current flowing through the QPC.

In contrast with other authors, we considered the leads to the QPC as quantum-mechanical
waveguides. We employed the simplest boundary condition for the electron wavefunctions:
we required that the wavefunctions have to approach zero at the boundaries of the leads. By
thorough calculations, we strived to show that in case of narrow leads, it was indispensable to
solve the problem of the quantization of the conductance of the QPC as a problem belonging
to the theory of quantum size effects. The wavefunctions 1) (r) of electrons travelling in the
lead of width L, towards the QPC have factors cos(wvx/L,) (if v is odd) or sin(wvx/L,) (if
v iseven). We treated v as an index defining the electron modes in the lead. On the other hand,
we paid also heed to another index, , enumerating ‘channels’ of the QPC under consideration.
Namely, when y — 0, the wavefunctions ¥, (r) = ¥, (x, 0) in the interval (—a/2, a/2) of the
coordinate x (the interval defining the QPC) can be developed in the Fourier series involving
cos(mwux/a) (if p is odd) and sin(;r ux /a) (if @ is even). An electron, being in mode v and
impacting upon the QPC, may employ, being transmitted through the QPC, any channel u.
These transmissions can be characterized by coefficients ¢/ and we showed how to calculate
them exactly. Then we proved that the conductance I" of the QPC can be expressed as a sum
involving the squares of all possible coefficients #/*. Thus we actually corroborated the validity
of the well-known Landauer—Biittiker formula (cf. equation (47)).

A condensed presentation of our main results has been shown in figures 3 and 5.

If the width a of the QPC is kept constant, figure 3 shows the dependence of the
conductance I" of the QPC on the Fermi momentum %kg. (We preferred to use the
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Figure 6. The first five segments (and a part of the sixth segment) of the function F(u/y). (The
‘zeroth segment’ is F = 0.)

dimensionless variable u = akg.) Figure 3 shows singularities that are of two kinds. First,

there are the singularities of the type ~1 / vu— uedg (u > uj & ) at the frontal edges of the
conductance steps; second, there are the jags, correspondmg to the behaviour of I" of the type

~Vu —u" i ¢ after the jag points (u > u ) The jags stem from the waveguide character of the
leads. As we have elucidated partlcularly in subsection 4.2, there is no difficulty to comprehend
their origin. Since kg = /2mé&p/, the plot shown in figure 3 can be transformed into a similar
plot illustrating the dependence of I" on the Fermi energy Er(kg), with the same singularities

as those shown in figure 3. Although the singularities of the type ~1 / VE — & (uj.dge) seem
to be strange at first sight, we emphasize that their presence in the conductance versus & plot
is in no contradiction with the Landauer—Biittiker formula which has been, as we have proved
above, confirmed unequivocally by our theory. In fact, we have recently derived singularities
of this type also in the dependence of the conductance of 3D Sharvin contacts on the Fermi
energy [21]. These singularities resemble the Van Hove singularities known in the theory of
the density of states of quasi-particles [22].

In figure 5, which is the direct equivalent of figure 3, we have illustrated the dependence of
I" on the density 7. of the electrons. (In fact, not the Fermi energy or the Fermi momentum, but
the density n. is controlled primarily in experiments.) If n:(;ge is the value of n. corresponding

tou = u;dge, the singular behaviour of the function I'(#.) on the right side of n:(;.ge is of the

type ~1/(ne — nz(jj.ge).

The singular behaviour of the coefficients #/ as functions of the variable u is neither
dictated nor prohibited by the Landauer—Biittiker formula. Nothing else than the Schrodinger
equation is responsible for it. The singular behaviour of the function ¢/ (u) if u approaches

d
u, = u"®® from the right can be interpreted as a resonance phenomenon: at the resonant

condltlon when u = jdge the QPC is ideally transparent for the electrons. The infinite

conductance I" means the zero intrinsic resistance Ropc = 1/T" of the QPC. However, the
resistance Rqpc is in series with the resistance of the leads, Rjags. Therefore, the total
resistance of the system ‘QPC + leads’ is Rioal = Ropc + Ricads- If Ropc — +0 at u = uj’dge
this means that when measuring the resistance of the pomt contact, one measures actually the
resistance of the leads. At the resonant condition u = ue £ the conductance Iy = 1/ R0l
is finite, although may be high enough in comparison w1th values of the conductance of the

QPC at non-resonant values of u.
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Thus, we predict that the conductance of QPCs in I" versus n. (or I" versus &g) plots
should disclose well detectable maxima at the frontal edges of the conductance steps. At
present, however, we are not aware of any measurements supporting this prediction. We hope
that there is no serious impediment to carry out such measurements.
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Appendix A. Dependence of the density of electrons 1, on the variable kp

We will now consider values of k) (L,) for which £ < &. Let Nz > 1 be the maximum
value of the index v for which kg > 7 N/L,. If 1 < v < N, the electrons can travel as
waves ~ exp (ki (Ly)y) in the y-direction, with k; (Ly) < ki, (Ly). (Cf definition (11).)
Following the standard way of derivation, we write the equality

1/@%) a2 = 2 e - (2 =1 T ok < X (AD
_ = =k x) = — — _ = L,ne, — << < —. .
T J_ Yo R a\F L, " L, F L,

F.l( x)

Similarly,

2 2 7 \? + 2 27\ ? I 2 r 3 (A2)
— - — - — = L,n., — <kp < —, .
T FoAL, FoAL, L. "L,
etc. After multiplying equations (A.1) and (A.2) by a, we introduce the dimensionless quantity
y = a/L, and define, for the variable

u/y = Lykg, (A.3)
the function

F(u/y) = L*n.. (A4)

Then, using the Heaviside function ® (§), we may write

2
Fluly)=—1v W/y)? —m2OW/y —m)+y/(u/y)* — 2m)*O(u/y — 27)
+o+(W/y)? — Nem)?O(u/y — Ne)] (A.5)

foru < (Mg + 1)zy. The plot of this function is shown in figure 6.
Let F;™* be the maximum value of F(u/y) for the j th segment

Fr =243,
e = 2B +5),

FI = 2(Ne# 17 = 1+ Ne+ D2 — 44t J(Ne + 12 — AR).

If the value of Ak is high, this means that the stripe under consideration is wide. We may

then take the replacements F ﬁ:" ~ P — Line,/\/p — Lykp/m. When introducing a

F—

(A.6)
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continuous surrogate variable 7 instead of v/ANg and when considering 1/Ng as df, we may
utilize the approximation

Ne—1

Fy™ =2NE > ! V1=v2/NE — L2 o (Lt 2 /l diy/1 — 12 Like

= —4/1—=v — Lin. =~ —tP=—.
Ne—1 F — NF F xve T 0 27'[
Thus, in the limit of wide stripes, we obtain the parabolic dependence
~ R

21’

The curve in figure 6 follows manifestly this parabola. It is interesting that in spite of the
positive second derivative d’n./dkZ in the limit of wide stripes (namely d*k%/dkZ = 2), the
second derivative d*n./dki ~ d*F /du® of each segment of the function plotted in figure 6 is

negative!
It is easy to invert formulae (A.1) and (A.2)

e (A7)

L2\ 2
Tt E (B} 2T (A.8)
L, L, 2 L,
2 L2 3 \?2 3
o= (B +4 <22 (A.9)
L, L, 4 L’n, L,

When using the dimensionless quantities # and y, we can rewrite these formulae as

u/y =n/1+F2/4 if 0<F < F™, (A.10)
uly =/ (F/A—3/F)*+4 if FM < F < Fre (A.11)

To express analytically the dependence of u/y on F is difficult if F > F;"®. Nevertheless,
from a graphical viewpoint, the problem of displaying u/y versus F plot is essentially reduced
to exchanging the axes in figure 6. In this way, we have obtained figure 2 showing the
dependence of u/y on F.

Appendix B. Calculation of transmission amplitudes for the first three conductance
steps

For the gap ratio y = 1/2, we obtain, according to formulae (22), the factors

[c!]’ = 64/9, [e}] = 64/25, [c}] = 64/441, [c}]} = 64/2025, (B.1)

[2] = 32/9, [2] = =%/2, [2] = 32/25, (B.2)

[\ =576/1225, [ =64/81, [ =576/121,  [E]’ =576/169.
(B.3)

In the first of formulae (27), there is the factor

QL) +ki@ _ | e —xy

—_ B4
ky(a) u? — mw2p? (B.4)
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The terms in the sum in formula (30) are proportional to
@2+ k(L) 22— nP 2+ D) ®5)
ky(a@)ky (L) VW =122 u? — n2y22)
We present some relevant squares of the normalization coefficients for y — 1/2
(D12 _ 2 A @P=m)@-n?y?) 9 A/ (W2—m2)u2—m2/4)
(V] = D) % wrsaiE
M2 _ 2 N Wr—m2) (W2 —972y?) 25 A/ W2—m2)(u2—972/4)
(V'] = [6_1]2 22214977 R we—iE
3
[ N<1>]2 _ 2 J@emhwaseyh a5 (B.6)
5 B I:cl]2 2u? =2 (1+25y?) 32 2u?—2972 /4 ’
5
[N(l)]Z 2 A=) P—4972y?) N 2025 (U2 —m2)(u2—4972 /4)
7 - [01]2 2u?—m2(1+49y2) 32 2u2—5372/4 ’
1
@72 _ 2 A/@=AnH)@?-4n2y?) 9 A/ (Wr—4n?)(u2—m?)
(V7] = [CZ]Z WA (1477 > 16 22577 )
2
@12 _ 2 A/ @—4r)@r—1672y?) 4
[N = W 2T —an2(1+4y7) L (B.7)
4
2712 2 A/ W=4r?)(u?=367%y?) 25 A/ W2—472)(ur—972)
[N6 ] - [02]2 2u?—472(149y2) - 16 2u?—1372 ’
6
3) 2 _ 1 2 2u2—n2(l+y2) 3 2 2u2—n2(9+y2) -1
[Nl ] - 2[[01] (=72 W2 —n2y?) + [cl] /(u2—9712)(u2—7r2y2)]
ul—n?/4 [l 2u*—57%/4 L2u2—13712/4]—1
32 R o 1225 /292 )
3)72 112 2u’—72(149y?) 312 2u? =97 % (1+y?) -1
N =2||c +|c
[ 3 ] [[ 3] \/(uzfnz)(uzf%rzyz) [ 3] \/(u2797r2)(u279n2y2)]
u2—9n2/4[L 2u?—1372/4 l2u2745n2/4]*1
2 25 T2 81 J/u2—9x2 g
u>—m u>—9m (BS)

3)12 172 2u?—m2(1425y?%) 312 2u?—2(9+25y%) -1
N =2||c +|c
[ 5 ] [[ 5] «/(MZ_HZ)(MZ_Zsy-[ZVZ) [ 5] «/(u2—9712)(u2—257r2y2)]
N «/u2*25”2/4[L2u2—29712/4 +izu2—61n2/4]—1
Ey) B S Y s 21 Vi on2 ’
2 2__2 2 2 2__2 2 -1
[N7(3)]2 — 2[[C;] 2u”—m~(1+49y7) + [C;’] 2u”—m~(9+49y°) ]
\/(uzfnz)(u27497r2y2) \/(u2797r2)(u2749712y2)

A/ u?r—4972 /4 25372 2_8572/47—1
N /[lZu 53n/4+12u 857‘[/4] )

n 2005 Ji2-n? 169 /a2 —0n2

. . 2
Let us now present two final expressions. First, we present the dependence of |t1l | on u

fory — 1/2

i = [NOP [T (k{(a) +/<{(L,())2 R 1u2 = 724G u? = 72 fA + uT = 77
1 - .

4 ki (a)

2 Vu? —72Qu? - 572 /4)

(B.9)

Clearly, the function |t11 }2 behaves as ~1/+/u? — 7?2 if u goes to 7w from the right. This is the

behaviour at the edge of the first step shown in figure 3. Second,
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3

This expression manifests the behaviour of the function |z}

il =

_ [NOT[el]) (k>(a)+k (LX)>2
4 Ky (@)
(\/uz _ 7t2/4 +/uZ — 2)2
) /ﬁz Vut =4 — 572/4
(Juz - +\/u2 9m2/4)?
+Ju? —9n2/4 , (B.10)

— 1372/4

|> of the type ~(const +

Ju? —972/4) if u goes to 37 /2 from the right, i.e. the behaviour at the jag of the first
conductance step in figure 3.
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